ON MULTIPLICITY THEORY
FOR BOOLEAN ALGEBRAS OF PROJECTIONS

BY
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ABSTRACT

The aim of this paper is to present a study of the connections between the
commutants of a Boolean algebra of projections of finite multiplicity and
the uniformly closed algebra generated by these projections.

Dieudonné [4] has constructed an example of a Banach space X and a Boolean
algebra (B.A.) of projections B of uniform multiplicity 2 such that for no choice
of x; and x; in X and 0 # EeB is2EX the direct sum of the cyclic subspaces
spanned by Ex, and Ex,.

In this note, we shall prove that the first commutant of a B.A. of projections
of finite multiplicity B, having Dieudonné’s above mentioned property (formal
definition in Section 2), consists of those spectral operators whose scalar parts
belong to the algebra (W) generated by B in the uniform operator topology.
However, we do not know if the nilpotent parts really exist.

Later, using the previous result, we shall show that if there are no nilpotent
operators commuting with a B.A. of projections of finite multiplicity B, then
its commutant is commutative, i.e, coincides with the second commutant. Using
another example of Dieudonné [3] we can conclude that it must not coincide

with A(B):

1. Preliminaries. For convenience we give here some definitions from Bade’s
papers [1] and [2].A B.A. of projections B will be called complete if for every
family {E,} =B the projections \/ E, and AE, exist in B and

(VE)X =clm{E,X}; (NE)X =(E.X

A B.A. of projections will be called countably decomposable if every set of dis-
joint projections of B is at most countable.
The cyclic subspace spanned by a vector x is defined by

M(x) = clm {Ex|E e B}

Received April 22, 1966.

* This paper is a part of the author’s Ph.D. thesis to be submitted to the Hebrew University,
The author wishes to express his thanks to Professor S. R. Foguel for much valuable advice and
encouragement.

217



218 L. TZAFRIRI [December

If B is a complete countably decomposable B.A. of projections in a Banach space
X there exists a unique multiplicity function m defined on B such that m(E) is the
least cardinal power of a set of cyclic subspaces spanning the range of EefB.

The concept of spectral operator as used here is that which was developed
by Dunford in [5].

Throughout the paper X denotes a fixed Banach space, B is a complete countably
decomposable B.A. of projections of finite uniform multiplicity n i.e., every

# Ee®B has multiplicity n, and A(B) is the algebra generated by B in the
uniform operator topology. Following [6], B will be the commutant of B, i.e,
the algebra of all operators commting with every EeB, and (B ©)° the second
commutant of B, i.e., the algebra of all operators which commute with every
operator commuting with B.

Since B can be regarded as the range of a spectral measure E( - ) defined on
the Borel sets of a compact Hausdorff space Q, to every Borel measurable function
f we may consider the operator (in general unbounded)

S(f) = fnf(w)E(dw)
with the domain

D(S(f) = {x l xeX; lim | f(w)E(dw)x exists}

where e,, = {a), If(co)] Sm}.

2. Operators commuting with B. In connection with Dieudonné’s example
[4] we give the next definition

DEerINITION 1. We shall say that B is of type (D) if for no choice z,€X;
1£i€nand0#EcB

i=p+

px- [ Vo] @ | v MEz)| ;i 1sp<n
LemMA 2. Every projection commuting with B belongs to it if and only if
B is of type (D).
Proof. Assume 0 # P eB° is a projection and denote
Fo = V{E|Ee®B,EP =0}
F=I-F,

Since B is complete F B and obviously PF = P. First, we shall show that Px =0
implies Fx = 0. Indeed, if Px, = 0 for some 0 # x, € FX and
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FX = ‘\:/1 M(Fy,)

then

Xp = lim X S(fix.,)Fy,

m—+o i=1

where e, = {0|weQ; |f(w)| < m; i=1,2,-,n}; m=1,2,-.-. For m sufficiently
large

0 % E(e,)xo = iél SUE(enFy:

and we may suppose that S(f,)E(e,)Fy, # 0. If e < e,, is any Borel set of positive
measure on which f, satisfies the inequality (1/m) < | f,,(w)l < m then

n—1
0# E@Fy, = S(f,” " YE@Fxo = X S(ffy YE@Fy,

and, therefore
E(e)FX =MYUE()Fx0) V WUE(Fy) V -+ V DUE(€)F y,-1)

In conclusion, there exist systems {0# GeB;G < F;xg,Xy,°+,X,—1} such that
n—1
GX = \/ M(Gx,).
i=0
For each such system we can assume that x,:--,x,_, were arranged such that

PGxy =+ = PGx;, =0; k=0

and PGx; #0 for k<i<n—1. Now, from all those systems, let us choose
one for which k is maximal. If k = n — 1, then PG =0 which contradicts that
0#G=2F;thus0zk<n-—1.

Remark that if Py, = 0 fot some v, € GX then, by repeating arguments already
used in this proof we can show that

k
voe \V IM(Gx;)
i=0
otherwise there exists 0 # G, < G such that
n-2
G X =PYG,v,) V!_\{)ﬁn(Glxi)

and this fact contradicts the maximality of k. Thus \/%_,I(Gx,) is the null space
of the restriction of P to GX.
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Now, let us consider all the systems
{0 # H G%;H é G;xo,xly "'axka-’?k+13 "'afn-l}

such that

-1
HX = v ME)V Y MHE)
i=k+1
and (I — P)H%,;=0; j=1,---,] while (I - P)H%,;#0 for j=1+4+1,-.,
n — 1 — k. From all these systems choose one for which / is maximal and assume
that (I — P)wg = 0 for some wye HX. Then, by the same kind of argument one
can easily see that

k+1
WoE Vi’ﬁ(Hx,)V V. I(HZX)
i=k+1
and further
E+1
woe VV WM(HZ)
i=k+1

i.e., the null space of I — P/yy coincides with \/%%! . IN(H%,). Hence HX can be
decomposed as a direct sum as follows

k+1

HX = Vim(Hx,)GB v sl’?(HJC.)

where I = 1 since k < n — 1 and H has uniform multiplicity n. This contradiction
shows that x, = 0.

Finally, suppose that P # F. Then Px — Fx # 0 for some xe€ X and
P(Px — Fx) =0; so we get a contradiction to the first part of the proof. Thus
P = F ¢B. The converse is obvious, Q.E.D.

THEOREM 3. Let B be of type (D). Every operator commuting with B is
spectral and its scalar part belongs to U(B).

Proof. By Foguel [7, Theorem 2.3 and Lemma 2.2], for every operator
T e B° there corresponds a sequence of Borel sets {«,,} increasing to Q and such
that

TE(am)_ S(fXam)Pim'*'Nms m=1,2,---
where f;; i=1,2,---,n ate bounded measurable functions, |f(w)| < || T| a.e.;
Py msPy s s Pum disjoint projections commuting with B and N,, a nilpotent
of order n. By lemma 2 P;, ,€8B;i=1,2,---,n; m=1,2,..., thus
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TE(am)=S(gm)+Nm; m= 1a2’°"

where g,,; m = 1,2, -+ are bounded measurable functions and Ig,,,(co)l < ” T ” a.e.
Then, for k £ m we shall get

TE(%) = S(gma) + NuE(2)
hence

S(gmka) = S(g0)
{ NumE(o) Ny
and further g,(w) = g(w) for almost every w € «;. Denote
gwy=glw);  wey; k=12,
Then g is a bounded measurable function and

lim g,() = g(w)

m-= o

for a.e. w € Q. By [6 Theorem, IV-10-10]
lim S(g,)x = S(g)x; xeX

m-* o

Now, if N = T — S(g) then

Nx =lim N,x; xeX

m- ¢
and, consequently N will be a nilpotent belonging to B°. In conclusion
T = S(g) + N where S(g)e AU(B) and N"=0. Q.E.D.
COROLLARY 4. Let B be of type (D) such that B° contains no nilpotent operator.
Then B°=(B")" = UWB).

It can be shown that there are no nilpotent operators commuting with the
B.A. of projections constructed by Dieudonné [4]; thus both its commutants
coincide with the algebra generated by the B.A. in the uniform operator topology.

LemMMA 5. For any B.A. of projections of finite uniform multiplicity B
there exists 0 # E, € B such that

EX = XD DX,

where X;; j =1,2,--,k are subspaces invariant under B; B restricted to X;
has finite uniform multiplicity n;, ( E;f:l n; = n) and is of type (D).

Proof. If B is of type (D) the assertion is trivial. If it is not type (D), then we
can find 0 #£ FeBand z;e X; i =1,2,---,n such that

FX=[S=/ISDI(FZE)]€B[ \"/ W?(in)]; 1£pZn-p

i=p+1
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Among all these systems {F|0 # FeB; z,,--,z,} choose one for which p is
minimal. Denote

14 n
X, = VINFz); Y, = V D(Fz,)
i=1 i=p+1

Then X, and Y, are subspaces invatiant under B; B restricted to X, has finite
uniform multiplicity p and B restricted to Y, has finite uniform multiplicity
n — p. Furthermore, in view of the minimality of p, B restricted to X, is of type (D).

Repeating this process for Y, and so on, we shall finish the proof after a finite
number of operations. Q.E.D.

LEMMA 6. Assume there is no non-trivial nilpotent operator in B° and let
T # 0 be an operator commuting with B. Then, there exists E;€®B such that
0 # TEq, e (B".

Proof. Denote
Fo =V {E|Ee®B; TE=0}
F = I—Fo.

Then FeB and TF = T # 0. Using Lemma 5for FX we shall get a projection
0+# Ey = F; E, B such that

EoX =X1®X2€B"'@Xk

and B restricted to X;; j=1,2,---,k is of type (D). Let P; be the projection
on X ;. Then

k
j=1

and if j # h P,TP, is evidently a nilpotent commuting with B; thus P;TP,=0.
But P;TP; can be considered as an operator in X; which commutes with B, .
Hence by Corollary 4

PJTE0=PJTPJ=S(fJ)PJ; j= 1,2,"‘,k

where f; is a bounded measurable function. Consequently

k
ji=1

and, further, for another operator 4 which commutes with B

AEO =

k
= X S(g)P;.
j=1
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Thus
k
(TEo)A =(TEo)(AEy) = -§1 S(f)S(g)P; = (AEG)(TE,) = A(TE,)

i.e. TEye (B°)°. Finally, let us remark that TE, # 0 since 0# E, < F. Q.E.D.

THEOREM 7. Assume there is no non-trivial nilpotent operator in B°. Then

B =(B°)".
Proof. Let 0 # T eB°. Denote
B, = {E(5)| 0 # TE(8) e (B°)°}

and remark that by previous lemma, B, is not void. If {E(4,)} is an increasing
chain in B, then by [1 Lemma 2.3]

A[T \VE@G)]% = AT lim E(5,)x = lim ATE(S,)x
Y 7 ?
= HmTE(@,)Ax =[T\ E(5,)]Ax; xeX, Ae®B°
1 b4

Thus \/E(9,) € B, and lemma of Zorn insures the existence of a maximal element
E(Q,) of B,. If TE(Q — Q) # 0, then by Lemma 6 for the subspace E(Q — Q)X
one can find E(cp)eB; 6, <« Q — Qp; 0 # TE(o,) € (B)°. Consequently
E(Qq)\/ E(o,) belongs to B, which contradicts the maximality of E(Q,). There-
fore, T = TE(Q,) e (B°)°. Q.E.D.

CorOLLARY 8. Let® be a complete countably decomposable B.A. of projec-
tions containing no projections of infinite uniform multiplicity and such that
there are no non-trivial nilpotent operators in €. Then € °= (€°)".

Proof. By [2 Theorem, 3.4] I =V - E,= X7 -, E, where E, €€ are disjoint
projections such that if E, # 0, it has uniform multiplicity. Hence, our statement
follows from theorem 7. Q.E.D.

3. Remarks. a. Dieudonné [3] has constructed another example of a B.A.
of projections & of finite uniform multiplicity (n = 2) for which there are no
non-trivial nilpotent operators in its first commutant and (&) is a proper sub-
algebra of F=(F°)°. It shows that in Theotem 7 B°=(B)° must not coincide
with A(B).

b. Inthe decomposition of Tgiven by Theotrem 3 a nilpotent part was obtained.
We do not know if it really exists. The single example of a B.A. of type(D)which
has been constructed until now is that of Dieudonné [4] and one can easily
show that there is no nilpotent commuting with Dieudonné’s B. A. of projec-
tions.
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If this is the general case and the commutant of a B.A. of projections of type
(D) always coincides with the algebra A(‘B), then we are able to prove the converse
of Corollary 8, i.e. commutative of the commutant implies the absence of non-
trivial nilpotent operators in the first commutant.
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